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We re-examine the non-singular Matter Bounce scenario first developed in [20], which starts with
a matter-dominated period of contraction and transitions into an Ekpyrotic phase of contraction.
We consider both matter fields, the first of which plays the role of regular matter, and the second
of which is responsible for the non-singular bounce. Since the dominant matter field is massive,
the induced curvature fluctuations are initially not scale-invariant, whereas the fluctuations of the
second scalar field (which are initially entropy fluctuations) are scale-invariant. We study the transfer
of the initial entropy perturbations into curvature fluctuations in the matter-dominated phase of
contraction and show that the latter become nearly scale invariant on large scales but are blue tilted
on small scales. We study the evolution of both curvature and entropy fluctuations through the
bounce, and show that both have a scale-invariant spectrum which is blue-tilted on small scales.
However, we find that the entropy fluctuations have an amplitude that is much smaller than that
of the curvature perturbations, due to gravitational amplification of curvature perturbations during
the bounce phase.
PACS numbers: 98.80.-k,98.80.Cq
I. INTRODUCTION
Current high precision data from ground-based [1, 2] and space-based [3, 4] cosmic microwave background (CMB)
telescopes indicate that the origin of structure in the universe is due to a primordial spectrum of nearly adiabatic
and nearly scale-invariant cosmological fluctuations. As realized long before these observations [5] (see also [6–8]),
a phase of cosmological inflation during the very early universe will generate such a spectrum. On the other hand,
inflation is not the only way to generate such a spectrum. As realized in [9, 10], a scale-invariant spectrum of curvature
fluctuations on super-Hubble scales is also generated during a phase of matter-dominated contraction. In order to
make contact with the present expanding universe, new physics is required to allow for the transition between the
contracting and expanding phases. Such a transition can in principle either be singular and from the point of view
of the low-energy effective theory (as in the case of the original Ekpyrotic scenario [11]), or non-singular. There are
various ways of obtaining a non-singular bounce, e.g. by modifying the gravitational action as in Horava-Lifshitz
gravity [12], torsion gravity [13], or by adding Null Energy Condition violating matter such as a ghost condensate [14]
or Galileon [15] field 1. A cosmological model with an initial phase of matter-dominated contraction and a non-singular
bounce is called the Matter Bounce scenario and it provides an alternative to cosmological inflation for generating the
observed spectrum of cosmological fluctuations (see e.g. [17] for review articles on the matter bounce scenario) 2.
A problem for most bouncing cosmologies is the instability against anisotropic stress, the BKL instability [18]. An
intuitive way of understanding this problem is to note that the effective energy density in anisotropies evolves with
the cosmological scale factor a(t) as ρanis ∼ a−6, and thus increases much faster in a contracting universe than the
energy densities in matter and radiation. Hence, unless the initial anisotropies are not tuned to zero to a very high
precision, no homogeneous bounce will occur.
The solution to this problem, first implemented in the context of the Ekpyrotic scenario [11], is to introduce a
new matter field φ during the contracting phase whose energy density scales with a higher power of a−1 than that
of the anisotropy term and which hence dominates the total energy density during the later phases of contraction.
With such a field, the BKL instability can be avoided [19]. In [20], a concrete model was proposed in which the new
field φ generates both the Ekpyrotic contraction phase and the non-singular bounce. This is obtained by giving φ a
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1 See also [16] for a review of bouncing cosmologies.
2 Note that there are other alternatives to inflation for generating a scale-invariant spectrum of cosmological perturbations which, however,
will not be discussed in this article.
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2Galileon-type non-standard kinetic action (which yields the non-singular bounce), and by providing it with a negative
exponential potential which then yields the Ekpyrotic contraction. If we assume that the contracting period starts
with a phase of matter-domination, we obtain a realization of the “matter bounce” scenario. In [20] the evolution of
the spectrum of cosmological fluctuations across the bounce phase was studied in detail. In particular, it was shown
that the two problems for a certain class of non-singular bounce models discussed in [21] do not arise 3 The stability of
this model against anisotropic stress was then confirmed in [22] by following the cosmological evolution in the context
of an anisotropic Bianchi ansatz.
In the model of [20] (and in many other implementations of the “matter bounce”) there are two matter fields, the
field φ and a field ψ representing the matter which initially dominates the phase of contraction, and which has an
equation of state p = 0, p denoting the pressure density. Thus, in general there will not only be adiabatic cosmological
fluctuations, but also entropic ones. In this paper we give a careful analysis of the evolution of both background and
cosmological perturbations in the two field scenario in which a first field ψ generates a matter phase of contraction,
and a second field φ which has a negative exponential potential and hence yields a later phase of Ekpyrotic contraction,
and which has a non-trivial kinetic action which generates a non-singular bounce.
We begin in the matter-dominated period of contraction with vacuum fluctuations of both scalar fields. For ψ, the
resulting power spectrum is blue, since the field has a mass. For φ, the resulting power spectrum on super-Hubble
scales is scale-invariant. In the far past, the spectrum of φ corresponds to the entropy mode, while ψ corresponds to
the adiabatic mode. However, at the transition between the matter phase and the Ekpyrotic phase, φ becomes the
adiabatic field, and thus a scale-invariant spectrum of curvature fluctuations results. Due to the gravitational mixing
between the two modes during the matter phase of contraction, the φ fluctuations induce a scale-invariant component
to the spectrum of ψ fluctuations at the end of the matter phase of contraction (this is the analog of the “curvaton”
scenario of structure formation [23] - see also [24]). Hence, the mode which becomes the entropy mode during the
later phases of evolution also inherits a scale-invariant contribution in addition to the original contribution which has
a steep blue spectrum.
The outline of the paper is as follows: in Section II we discuss the model for a non-singular bounce proposed in
[20], and how this is affected by the addition of an additional scalar field of K-essence form. In Section III we describe
the background cosmological evolution by splitting the time history of the universe into phases: matter contraction,
Ekpyrotic contraction, non-singular bounce, and fast roll expansion. To justify this phase structure, and to serve as
a evidence that this model is feasible, we study the background numerically. In Section IV, we consider the evolution
of perturbations our model, which we then use in Section V to calculate the power spectra at late times. We finish
with some concluding remarks in Section VI.
A word on notation: We define the reduced Planck mass by Mp = 1/
√
8piG
N
where G
N
is Newton’s gravitational
constant. The sign of the metric is taken to be (+,−,−,−). Note that we take the value of the scale factor at the
bounce point to be aB = 1 throughout the paper.
II. COSMOLOGY OF A NON-SINGULAR BOUNCE
As discussed in the introduction, the model of interest for the present work is that of two scalar fields: a matter
field which dominates at very early times, and a bounce field which violates the Null Energy Condition for a brief
period, inducing the bounce. We begin with the most general Lagrangian for this class of models, given by
L = K(φ,X) +G(φ,X)φ+ P (ψ, Y ) , (1)
where φ is the bounce field of Galilean type, ψ is a K-essence scalar of general form, and have defined
X ≡ 1
2
∂µφ∂
µφ , Y ≡ 1
2
∂µψ∂
µψ , (2)
as well as the d’Alembertian operator
 ≡ gµν∇µ∇ν . (3)
The Lagrangian terms for the bounce field are defined as
K(φ,X) = M2p [1− g(φ)]X + βX2 − V (φ), (4)
3 The anisotropy remains small during the bounce phase, and there is no dangerous non-scale-invariant fluctuation mode which emerges
in the bounce phase.
3G(φ,X) = γX, (5)
where we have parametrized the model via the positive-definite constants4 β and γ, as well as the functions g(φ)
and V (φ). The term G(φ,X) is a Galileon-type operator which we have introduced to stabilize the gradient term
of cosmological perturbations, and leads to a sound speed which is positive-definite at all time except for during the
bounce. Note that we have adopted the convention that φ is dimensionless, and so we include a factor of M2pl in
K(φ,X).
The bounce is triggered when g(φ) < 1, which causes φ to form a ghost condensate and hence violate the Null
Energy Condition. The function is negligible far from the bounce, such that the bounce field φ will have canonical
kinetic terms at early and late times, given suitable behaviour for X. We can build this function by setting the bounce
to occur at φ = 0, and requiring that g < 1 when |φ|  1 but g > 1 when φ ∼ 0. We choose its form to be
g(φ) =
2g0
e
−
√
2
pφ + e
bg
√
2
pφ
, (6)
where g0 ≡ g(0) and p are positive constants, with g0 larger than unity, g0 > 1 and p smaller than unity, p < 1.
The bounce field potential V (φ) is chosen to ensure that the bounce is preceded by a phase of Ekpyrotic contraction,
which is necessary to dilute anisotropy and avoid the BKL instability. The potential can also be chosen to give an
attractor solution in both the expanding and contracting branches of the cosmological evolution, by making use of
exponential functions. We take the form of the potential to be
V (φ) = − 2V0
e
−
√
2
qφ + e
bV
√
2
qφ
, (7)
where V0 is a positive constant with dimension of (mass)4, q is a positive constant that must be smaller than 1/3
in order to obtain Ekpyrotic contraction, and the constant bV is an asymmetry parameter for the potential. The
attractor solution is induced during expansion by the positive-valued exponential, while the negative exponential
leads to an attractor solution in the contracting phase.
We now turn to the second field ψ, which we introduce to play the role of an arbitrary matter field satisfying the
Null Energy Condition. Initially, we take its Lagrangian to be of K-essence form, P (ψ, Y ), but eventually we will
consider a canonical massive free scalar field. It has pressure and energy density given by
pψ = P , (8)
ρψ = 2Y P,Y − P . (9)
There are two important quantities for this system: the equation of state wψ and the sound speed square c2ψ. These
are given by
wψ ≡ pψ
ρψ
= −1 + 2Y P,Y
2Y P,Y − P , (10)
c2ψ ≡
pψ,Y
ρψ,Y
=
P,Y
2Y P,Y Y + P,Y
. (11)
We now consider the spatially flat FRW universe whose metric is given by
ds2 = dt2 − a2(t)d~x2 , (12)
where t is cosmic time, x are the comoving spatial coordinates and a(t) is the scale factor. The evolution of the scale
factor can be characterized by the Hubble rate:
H ≡ a˙
a
, (13)
where the dot denotes the derivative with respect to cosmic time t.
4 The positive-definiteness of β ensures that the kinetic term is bounded from below at high energy scales
4At the background level the universe is homogenous, and thus both the bounce field φ and the matter field ψ are
only functions of cosmic time. Thus, the kinetic terms of these two fields become
X = φ˙2/2 , φ = φ¨+ 3Hφ˙ , Y = ψ˙2/2 . (14)
The pressure and energy density of the bounce field are given by
pφ =
1
2
M2p (1− g)φ˙2 +
1
4
βφ˙4 − γφ˙2φ¨− V (φ) , (15)
ρφ =
1
2
M2p (1− g)φ˙2 +
3
4
βφ˙4 + 3γHφ˙3 + V (φ) , (16)
where dynamics of φ are governed by the equation of motion
Pφ¨+Dφ˙+ V,φ = 0 , (17)
and we have introduced
P = (1− g)M2p + 6γHφ˙+ 3βφ˙2 +
3γ2
2M2p
φ˙4, (18)
D = 3(1− g)M2pH +
(
9γH2 − 1
2
M2p g,φ
)
φ˙+ 3βHφ˙2
−3
2
(1− g)γφ˙3 − 9γ
2Hφ˙4
2M2p
− 3βγφ˙
5
2M2p
− 3G,X
2M2p
(ρψ + pψ)φ˙ . (19)
From Eq. (17), it is clear that the function P determines the positivity of the kinetic term of the scalar field and
thus can be used to determine whether the model contains a ghost or not at the perturbative level; the function D
on the other hand, represents an effective damping term. By keeping the first terms of the expressions for P and D
and setting g = 0, which is a good approximation far from the bounce where φ˙MPl, one can recover the standard
Klein-Gordon equation in the FRW background. Note that the friction term D contains the contributions from the
matter fluid, which can be suppressed for small values of φ˙. However, these terms will become important during the
bounce phase where φ˙ reaches a maximal value.
For completeness, we can write down the Einstein equations in this background,
M2p
(
Rµν − R
2
gµν
)
= Tφµν + T
ψ
µν , (20)
and the corresponding Friedmann equations,
H2 =
ρ
T
3M2p
, (21)
H˙ = −ρT + pT
2M2p
, (22)
where ρ
T
and p
T
represent the total energy density and pressure in the FRW universe, e.g. the sum of the contributions
of the bounce field and the matter field.
III. BACKGROUND EVOLUTION
The initial conditions of the background are chosen such that the universe is initially dominated by regular matter
in the contracting phase, which in our model is mimicked by the matter field ψ. Since the potential of the bounce
field V (φ) has an Ekpyrotic potential for φ  1, the corresponding energy density grows faster than that of regular
matter. As a consequence, φ eventually becomes dominant, signaling the end of matter contraction. After that, the
Ekpyrotic phase of contraction begins, and lasts until the non-singular bounce interval begins (this is the phase where
the effects coming from new physics dominate), followed by a period of fast-roll expansion, which in turn ends at
a transition to the expansion of Standard Big Bang cosmology. We choose the initial conditions for the density of
regular matter and for the value of φ such that the temperature at which the Ekpyrotic phase begins is higher than
that at the time of equal matter and radiation in the Standard Big Bang expanding phase.
5A. Analytic estimates
In the following we briefly investigate the evolution of the universe in each of the periods mentioned above, and
refer to [22] for a more generic analysis in which the anisotropy was taken into account as well.
1. Matter contraction
We start by considering the period when the universe is dominated by the matter field ψ. We take the Lagrangian
of ψ to be that of a free canonically normalized massive scalar field:
P (ψ, Y ) = Y − 1
2
m2ψ2 . (23)
Thus the matter field oscillates around its vacuum state ψ = 0 and the time-averaged background equation of state
parameter is roughly w = 0. In this phase, the scale factor evolves as
a(t) ' aE
(
t− t˜E
tE − t˜E
)2/3
, (24)
where tE denotes the final moment of matter contraction and the beginning of the Ekpyrotic phase, and aE is the
value of the scale factor at the time tE . In the above, t˜E is an integration constant which is introduced to match the
Hubble parameter continuously at the time tE ,
t˜E ' tE − 2
3HE
. (25)
Hence the Hubble parameter can be approximated by
〈H(t)〉 = 2
3(t− t˜E)
. (26)
where the angular brackets stand for averaging over time. The solution for the scalar field ψ can be asymptotically
expressed (modulo a phase) as
ψ(t) ' ψ˜(t) sin(m(t− t˜E)) , (27)
with a time dependent amplitude
ψ˜(t) =
1√
3piGm(t− t˜E)
, (28)
which yields an equation of state with has vanishing pressure when averaged over an oscillation period of the field.
2. Ekpyrotic contraction
We assume a homogeneous scalar field φ which is initially placed in the region φ  −1 in the phase of matter
contraction. In this case, the Lagrangian for φ approaches the conventional canonical form. Once φ begins to dominate
the energy-momentum tensor of matter, it then approaches an attractor solution which is given by
φ(t) ' −
√
q
2
ln
[
2V0(t− t˜B−)2
q(1− 3q)M2p
]
, (29)
where t˜B− is an integration constant which chosen such that the Hubble parameter at the end of the phase of Ekpyrotic
contraction matches with the one at the beginning of the bounce phase. This attractor solution corresponds to an
effective equation of state
w ' −1 + 2
3q
. (30)
6During the phase of Ekpyrotic contraction, the scale factor evolves as
a(t) ' aB−
(
t− t˜B−
tB− − t˜B−
)q
, (31)
where aB− is the value of scale factor at the time tB− which corresponds to the end of Ekpyrotic contraction and the
beginning of the bounce phase. Therefore, the Hubble parameter is given by
H(t) ' q
t− t˜B−
, (32)
where, in order to make H(t) continuous at the time tB−, one must set
t˜B− = tB− − q
HB−
. (33)
Additionally, we require the scale factor to evolve smoothly and continuously at the time tE . This leads to the relation
aE ' aB−
(
HB−
HE
)q
. (34)
3. Bounce phase
In our model the scalar field evolves monotonically from φ  −1 to φ  1. For values of φ between φ− ∼
−√p/2 ln(2g0) and φ+ ∼ √p/2 ln(2g0)/bg (assuming one term in the denominator of g(φ) dominates over the other
at each transition time), the value of the function g(φ) becomes larger than unity and thus the universe enters a ghost
condensate state. The occurrence of the ghost condensate naturally yields a short period of Null Energy Condition
violation and this in turn gives rise to a non-singular bounce [14].
As shown in Ref. [20], we have two useful parameterizations to describe the evolution of the scale factor in the
bounce phase. One is the linear parametrization of the Hubble parameter
H(t) ' Υt , (35)
and the other is the evolution of the background scalar
φ˙(t) ' φ˙Be−t2/T 2 , (36)
where the coefficient Υ is set by the detailed microphysics of the bounce. The coefficient T can be determined by
matching the detailed evolution of the scalar field at the beginning or the end of the bounce phase, which will be
addressed in next subsection. Thus, during the bounce the scale factor evolves as
a(t) ' aBe 12Υt2 . (37)
Note that a non-singular bounce requires that the total energy density vanishes at the bounce point. The total
energy density includes the contributions from the matter fields and the anisotropy factors. This leads to the following
result for the value of φ˙B
φ˙2B '
(g0 − 1)M2p
3β
[
1 +
√
1 +
12β(V0 + ρm + ρθ)
(g0 − 1)2M4p
]
' 2(g0 − 1)
3β
M2p , (38)
where we have made use of approximations that ρm and ρθ are much less than V0 and V0  M4p in the second line.
These approximations must be valid for the model to hold since both ρm and ρθ are greatly diluted in the Ekpyrotic
phase and V0 is the maximal absolute value of the potential of φ which, according to the observational constraint
from the amplitude of cosmological perturbations, must be far below the Planck scale.
74. Fast-roll expansion
After the bounce, the universe enters the expanding phase, where the universe is still dominated by the scalar field
φ. During this stage, the motion of φ is dominated by its kinetic term while the potential is negligible. Thus, the
background equation of state parameter is w ' 1. This corresponds to a period of fast-roll expansion, where the scale
factor evolves as
a(t) ' aB+
(
t− t˜B+
tB+ − t˜B+
)1/3
, (39)
where tB+ represents the end of the bounce phase and the beginning of the fast-roll period, and aB+ is the value of
the scale factor at that moment. Then one can write down the Hubble parameter in the fast-roll phase
H(t) ' 1
3(t− t˜B+)
, (40)
and the continuity of the Hubble parameter at tB+ yields
t˜B+ = tB+ − 1
3HB+
. (41)
Recall that, in Eq. (36), we made use of a Gaussian parametrization of the scalar field evolution in the bounce phase,
with characteristic timescale T . In the fast roll phase we find the following approximate solution for the evolution of
φ:
φ˙(t) ' φ˙B+
a3B+
a3(t)
' φ˙Be−t2B+/T 2 H(t)
HB+
, (42)
where we have applied (36) in the second equality. This implies that
ρφ '
M2p
2
φ˙2 ' M
2
p φ˙
2
B
2e2t
2
B+/T
2
H2
H2B+
. (43)
Moreover, the Friedmann equation requires that ρφ ' 3M2pH2 in the fast-roll phase, so that T 2 is given by
T 2 ' 2H
2
B+
Υ2 ln
[
M2p (g0 − 1)
9βH2B+
] . (44)
B. A (Numerical) Proof of Principle
To justify our claims that the background does exhibit this phase structure, we numerically solve the background
equations of motion. We present this solely as a ‘Proof of Principle’, in order to illustrate the occurrence of a non-
singular bounce in the model under consideration. By this we mean that the parameters are chosen to make the effect
of the matter field ψ manifest during the bounce, but this parameter choice does not necessarily satisfy the bounds
imposed by observations. Assuming parameter values taking into account the experimental constraints would lead
to an Ekpyrotic phase which is long enough to dilute all the matter fields, which would decrease the significance of
entropy perturbations. Similarly, in the limit that the Ekpyrotic phase stretches to the infinite past, the evolution of
the background approaches that obtained in a regular isotropic bounce model realized by a single field as studied in
[20].
In the numerical calculation we work in units of the Planck mass Mp for all variables. We specifically set a group
of model parameters as,
V0 = 10
−10 , g0 = 1.1 , β = 5 , γ = 10−3 ,
bV = 5 , bg = 0.5 , p = 0.01 , q = 0.1 , m = 5× 10−6 . (45)
Moreover we choose the initial conditions for the bounce field and matter field as follows,
φini = −2.11 , φ˙ini = −8.87× 10−8 ,
ψini = −0.025 , ψ˙ini = −3.57× 10−8 . (46)
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Figure 1: Cosmic evolution of the Hubble parameter H (blue line in the upper panel) and the equations of state (black solid,
red dashed, and blue dotted lines in lower panel for the total background wT , the bounce field wφ and the matter field wψ,
respectively), in units of the reduced Planck mass Mp, with background parameters given by (45) and initial conditions as
in (46). The main plot shows that a non-singular bounce occurs, and that the time scale of the bounce is short (it is a “fast
bounce” model). The inner insert shows a zoomed-in view of the smooth Hubble parameter during the bounce phase as a
function of cosmic time.
Our numerical results are presented in Figs. 1 and 2. In order to enlarge the details of the cosmic evolution, we
introduced a parameter
Na ≡

− ln aa0 t < tB
ln aa0 t ≥ tB
(47)
(where a0 is a normalization constant) as the horizontal axis in Fig. 1. The vertical axis shows the dynamics of the
Hubble parameter and the equations of state of scalar fields as well as the overall one.
From the upper panel of Fig. 1, one can see that the Hubble parameter evolves smoothly through the bounce point
with an approximately linear dependence on cosmic time. However, the bounce phase is not symmetric with respect
to the bounce point in this model. The lower panel of Fig. 1 shows that the background equation of state initially
takes an average value w = 0 since the universe is dominated by the oscillating matter field ψ. During the matter
contraction, the bounce field slowly becomes dominant over and triggers a period of Ekpyrotic contraction, where for
our parametrization the equation of state is approximately equal to w = 5.67. When the universe enters the bounce
phase, the background equation of state experiences a sudden decrease to negative infinity and then evolves back to
a value w = 1 which signals a fast-roll expanding phase.
In order to better characterize the transitions between different phases, we plot the evolution of the energy densities
and density parameters in Fig. 2. The density parameters are defined as
Ωi ≡ ρi
ρT
, (48)
where the subscript “i" represents φ and ψ, respectively. This figure explicitly shows that the universe in this model
experiences four phases: Matter contraction, Ekpyrotic contraction, the bounce, and fast-roll expansion.
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Figure 2: Cosmic evolution of the energy densities ρ and density parameters Ω of the background universe (orange solid line
in upper panel), the bounce field (red dashed line) and the matter field (blue dotted line), respectively. The horizontal axis is
the cosmic time. The initial conditions and model parameters are the same as in Fig. 1.
IV. COSMOLOGICAL PERTURBATIONS
A. Overview
In this section we study the dynamics of linear cosmological perturbations in the Two Field Matter Bounce. One
attractive property of a non-singular bounce cosmology is that perturbation modes can be evolved smoothly through
the bounce phase. In linear theory, perturbations of scalar type evolve independently from those of vector and tensor
type. This reduces the number of degrees of freedom which must be analyzed. In addition, as a consequence of
linearity one can track each Fourier mode independently (see e.g. [25] for a survey of the theory of cosmological
perturbations and [26] for an introductory overview). The evolution of the Fourier modes depends on the background
cosmology.
As per the analysis presented in the previous section, our cosmological background will first undergo matter contrac-
tion, then a period of Ekpyrotic contraction, followed by a non-singular bounce, and then a phase of fast roll expansion.
We begin with vacuum fluctuations on sub-Hubble scales in contracting phase. During the phase of contraction, wave-
lengths exit the Hubble radius (which is shrinking in comoving coordinates). Once they are on super-Hubble scales,
the modes are squeezed. Both the exiting of the Hubble radius and the squeezing on super-Hubble scales is similar to
what happens during the phase of accelerated expansion in inflationary cosmology. However, in the case of inflation
the Hubble length has constant physical size while the physical wavelength of fluctuations increases exponentially.
Hence, if the period of inflation was long, the physical wavelength of the fluctuations was initially smaller than
the Planck length, leading to the ‘trans-Planckian problem’ for fluctuations [27]. This problem does not arise in a
bouncing cosmology as long as the energy scale of the bounce is smaller than the Planck scale, as is required for the
self-consistency of any effective field treatment such as what we are presenting, since then the physical wavelength of
the fluctuation modes which we measure today were always much larger than the Planck length scale.
As was initially realized in [9, 10], a consequence of the super-Hubble growth of fluctuations in a contracting universe
is that the initial vacuum fluctuations of a massless scalar field (and consequently also the curvature fluctuations in a
model in which the only matter component is this massless field) are converted to a scale-invariant spectrum. It is in
this sense that the matter bounce can provide an alternative to inflationary cosmology as a mechanism to form the
cosmological fluctuations we observe today.
However, the model under consideration involves two scalar fields, φ and ψ, with ψ leading to a phase of a matter
contraction at early times, and φ being responsible for the Ekpyrotic phase and the bounce. The dominant field
in the initial matter phase of contraction is massive and hence its vacuum spectrum does not evolve into a scale-
invariant form in isolation. The field φ, on the other hand, is effectively massless at early times and hence evolves
10
Figure 3: Stages of the Perturbation analysis. We begin in the matter dominated phase by using the field fluctuations, then
change gauge to study the entropy and curvature perturbations. We match the curvature perturbations through the bounce to
solve for the behaviour in the fast roll expansion phase. We denote the phases of the bounce by indices on the perturbation
variables: m , c , b, and e, for matter domination, Ekpyrotic contraction, bounce, and fast roll expansion.
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to a scale-invariant spectrum on super-Hubble scales. The field φ acts an entropy field during the phase of matter
contraction. However, once the Ekpyrotic phase begins, φ becomes dominant and becomes the curvature mode, while
the ψ fluctuations become the entropy modes.
As is well known, entropy modes source a growing curvature perturbation on super-Hubble scales 5 Thus, to
determine the final spectrum of curvature and entropy fluctuations in our model we must carefully study the interaction
of the two fluctuation modes in each cosmological phase. As we will show, in the matter phase of contraction, the
scale-invariant φ mode (which acts as an entropy fluctuation) seeds a curvature fluctuation (the ψ mode in the initial
phase) of comparable magnitude. Thus, at the end of the matter-dominated phase of contraction, both modes are
scale-invariant and have comparable amplitude. After that time, it is no longer important to consider the sourcing
of the adiabatic mode by the entropy mode since the adiabatic mode is already larger in amplitude (and the effect of
the sourcing cannot induce a larger amplitude than that of the source)
In many non-singular bounce models it has been shown that the scale-invariance of curvature fluctuations is pre-
served during the bounce phase (see, however, the exceptions discussed in [21]). We will show that this is also the case
in our model. We will also evolve the entropy fluctuations on super-Hubble scales and will show that they preserve
their scale-invariance on large scales. Moreover the curvature mode are amplified compared to the the entropy mode
during the bounce phase, and thus the final spectrum of fluctuations is almost completely adiabatic.
In both the matter contraction phase and the Ekpyrotic phase, the Lagrangian of the bounce scalar recovers the
canonical form, since the higher derivative terms are suppressed by the small value of φ˙. In the matter contraction
phase, it is convenient to study the evolution of perturbation modes in the spatially flat gauge (ζ = 0) and the initial
conditions for two field fluctuations can be imposed inside the Hubble radius. However once the initial conditions
have been set, we can switch into the uniform φ gauge (δφ = 0) for the Ekpyrotic and subsequent phases. In this way,
the curvature perturbation becomes manifest.
To perform this perturbation analysis we use three sets of perturbation variables. For the initial conditions, we
consider the field fluctuations in the spatially flat gauge
Qφ = Mp(δφ+
φ˙
H
Φ) , Qψ = δψ +
ψ˙
H
Φ . (49)
where Φ is the Bardeen potential (see Appendix A). We can change to the uniform φ gauge, where the perturbation
variables become δψ and
ζ = H
(Mpφ˙Qφ + ψ˙Qψ)
M2p φ˙
2 + ψ˙2
δψ → Qψ . (50)
We lay out the general recipe for the perturbation analysis in Figure IVA
5 See e.g. [28] for an early discussion in the context of an axion dominated inflationary universe.
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B. Field fluctuations during matter contraction
At the beginning of matter contraction, the universe is dominated by the matter field ψ which is oscillating around
its vacuum point; this yields a time averaged value of the background equation of state w ' 0 and thus the universe
is in a matter dominated phase. During this phase, the bounce field φ is subdominant and fast rolling down along its
potential with an effective equation of state wφ ' 1.
One can perturb the metric and the two scalar field to linear order, which includes three scalar type perturbation
modes, ζ, δφ and δψ, respectively. However, one of these three variable can be eliminated by making a gauge choice.
We start by considering the evolution of cosmological perturbations using the gauge invariant field fluctuations Qφ
and Qψ defined in Eq. (49), which are the Mukhanov-Sasaki variables[29, 30].
One can introduce the gauge invariant curvature perturbation as in Eq. (50), as well as the entropy perturbation
S =
(
Mpφ˙Qψ − ψ˙Qφ
)
√
M2p φ˙
2 + ψ˙2
. (51)
At early times in the matter dominated phase, ψ˙  φ˙Mp, which implies that
ζ ' HQψ
ψ˙
, S ' −Qφ for t→ −∞. (52)
Therefore, one can immediately observe that at very early times the main contribution to the curvature perturbation
is from the matter field fluctuation, and the entropy perturbation is dominated by the fluctuation of the bounce field.
However, one can see from Eq. 50 that by the end of the matter contraction phase, the contribution to the curvature
perturbation from each field will become equally important. With this in mind, we follow the evolution of vφ and vψ
during the matter contraction in order to determine the resulting spectrum of vζ at tE . We will see that the result of
this is that ζ acquires a scale invariant spectrum from the bounce field (which was initially the entropy perturbation).
This is an explicit realization of the Matter Bounce Curvaton scenario proposed in [24].
The field fluctuations evolve following the general equations of motion provided in (A6) as analyzed in Appendix
A. The perturbation equations can be written in terms of canonical variables
vφ = aQφ , vψ = aQψ . (53)
The equations of motion can then be written in Fourier space as
v′′φ + (k
2 − a
′′
a
)vφ = Jφψvψ + Jφφvφ , (54)
v′′ψ + (k
2 +m2a2 − a
′′
a
)vψ = Jφψvφ + Jψψvψ , (55)
where the prime denotes the derivative with respect to conformal time, and we define the source (interaction) terms:
Jφφ = −9
2
H2E
(aE
a
)4
, (56)
Jφψ =
3
2
mHE aE
a
cos [ma(τ − τ˜E)] , (57)
Jψψ =
9
2
H2E
aE
a
. (58)
We can treat this system perturbatively, using the first order Born approximation to estimate the effect of the
source terms. We begin by analyzing the source-free (‘homogeneous’) system:
v
(0)
φ
′′ + (k2 − a
′′
a
)v
(0)
φ = 0 , (59)
v
(0)
ψ
′′ + (k2 + a2m2 − a
′′
a
)v
(0)
ψ = 0 . (60)
One can see from Eq. (59) that the k2 term will initially dominate, and so the squeezing factor a
′′
/a can be neglected.
Thus the dynamics for vφ corresponds to a free scalar propagating in a flat space-time, and the initial conditions take
the form of the Bunch-Davies vacuum:
viniφ (τ, k) '
e−ikτ√
2k
. (61)
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However, the situation for vψ is different, due to the presence of a non-zero mass. Specifically, in Eq. (60) when we
neglect the last term a′′/a, the mass term becomes important in addition to the k2 term at the initial moment. Thus
one can introduce an effective frequency for vψ as
ω2k = k
2 + a2m2 , (62)
and Eq. (60) has an asymptotic solution which oscillates rapidly with this time dependent frequency on sub-Hubble
scales. This is what is expected since the adiabaticity condition |ω′k/ω2k|  1 is satisfied which corresponds to a
situation in which the effective physical wavelength is much smaller than the Hubble radius. Therefore, the modes
can be regarded as adiabatic when they are in the sub-Hubble regime with |ωkτ |  1, and we can impose suitable
vacuum initial conditions by virtue of a Wentzel-Kramers-Brillouin (WKB) approximation
√
2 viniψ (τ, k) '
1√
2ωk
e−i
∫ τ ωk(τ˜)dτ˜ , (63)
where  ≡ −H˙/H2 = 3/2 in the phase of matter contraction.
During both the matter and Ekpyrotic phases of contraction, the fluctuations modes on scales of cosmological
interest today exit the Hubble radius and become classical perturbations 6. For matter dominated contraction, one
has
a ∝ (τ − τ˜E)2 , τ˜E = τE − 2HE , (64)
where HE is the conformal Hubble parameter at the moment tE . The gravitational term a′′/a leads to the squeezing
of field fluctuations. Making use of the vacuum initial condition, we obtain an exact solution to (59):
v
(0)
φ (τ, k) '
e−ik(τ−τ˜E)√
2k
[
1− i
k(τ − τ˜E)
]
, (65)
in the phase of matter contraction. For the vψ mode, there exists a mass term in the expression for the dispersion
relation, and thus the field fluctuations do not get squeezed on super-Hubble scales. Instead, one can neglect the k2
term and derive an asymptotical solution as follows,
vψ
(0)(τ, k) ' e
−iam(τ−τ˜E)
√
6am
. (66)
These homogenous solutions correspond to a scale invariant spectrum of the entropy mode φ, and a spectrum of the
initial curvature mode ψ that is deeply blue:
P
(0)
φ ≡
k3
2pi2
|v
(0)
φ
a
|2 = H
2
16pi2
, (67)
P
(0)
ψ ≡
k3
2pi2
| v
(0)
ψ
a
√
3
|2 = k
3
12pi2ma3
. (68)
As we now show, the entropy mode sources a growing contribution to the curvature mode which then inherits the
scale-invariant spectrum of the entropy mode. To compute this effect, we use the 1st order Born approximation in
which we evaluate the form of the source terms using the zero’th order solutions. This means that the 1st order
corrections are determined using the equation of motion with the following background-dependent source terms:
v
(1)
φ
′′ + (k2 − a
′′
a
)v
(1)
φ = Jφψv
(0)
ψ + Jφφv
(0)
φ , (69)
v
(1)
ψ
′′ + (k2 + a2m2 − a
′′
a
)v
(1)
ψ = Jφψv
(0)
φ + Jψψv
(0)
ψ . (70)
6 The classicalization is a consequence of squeezing and decoherence via nonlinear interactions, as discussed in [31, 32].
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We solve these for modes on super-Hubble scale and obtain the homogeneous solution plus first order correction,
vφ ' v(0)φ
[
1 +
1
3
(aE
a
)3]
+
maE
3HE
[
1 + Log| 2kHE |
]
v
(0)
ψ , (71)
vψ ' v(0)ψ
[
1 +
9HE
4aEm
(aE
a
) 1
2
]
+
3
2
eiam(τ−τ˜E)
(aE
a
) 1
2
v
(0)
φ . (72)
Correspondingly, the power spectra for two field fluctuations near the end of matter contraction are given by 7
Pφ ' 16
9
P
(0)
φ +
1
9
(
m
HE
)2 [
1 + Log| 2kHE |
]2
P
(0)
ψ ,
Pψ '
[
1 +
9
4
HE
m
]2
P
(0)
ψ +
9
4
P
(0)
φ . (73)
We can see from the above expression that the gravitational interaction mixes the spectra of the two fields, such that
both fields have a scale invariant piece which is the one which dominates in the infrared.
C. Perturbations in the phase of Ekpyrotic contraction
During the matter contraction, the energy density of the φ field becomes more and more important since it is fast
rolling along its tachyonic potential. At some moment tE , its contribution to the background energy density starts to
dominate over that of the ψ field. We still have |φ|  1 and φ˙  Mp and thus the Lagrangian of φ is of canonical
form with an Ekpyrotic potential. This model then yields an attractor solution of Ekpyrotic contraction
a ∝ (τ˜B− − τ)
q
1−q , τ˜B− = τB− − q
(1− q)HB− . (74)
We have introduced the instant of time τ˜B− when the scale factor would meet the big crunch singularity if there was
no non-singular bounce. If we were not interested in the bounce phase, it would make sense to normalize the time
axis such that τ˜B− = 0, and in this case we would find that the function g would become unity slightly earlier, namely
at a time q(1−q)HB− (keeping in mind that HB− is negative). This signals the beginning moment of the bounce phase
τB−.
Note that, when the universe has not yet arrived at the non-singular bounce phase, the Lagrangian has canonical
form and thus the analysis based on gauge invariant field fluctuations (shown in the previous subsection) is still valid.
However, one can see that the main contribution to the curvature perturbation has changed from δψ to δφ. To render
the analysis of cosmological perturbations through the non-singular bounce easier, we switch to the uniform φ gauge
in the Ekpyrotic phase. The detailed analysis of the second order action for perturbations is performed in Appendix
B. The simplified quadratic action in this phase is given by:
S2 =
∫
dτdk3
1
2
∑
i
[
v′2i −
(
k2 − q(2q − 1)
(1− q)2(τ − τ˜B−)2
)
v2i
]
, (75)
the subscript ‘i’ runs over {ζ, ψ}. In Appendix B we introduce two new perturbation variables {vσ, vs} which are
linear combinations of vζ and vψ. This rotation decouples the kinetic terms of vζ and vψ in the general evolution.
However, in the model under consider, we can find quadratic actions for vζ and vφ which allows for an easy analysis
without resorting to a field rotation.
The quadratic action (75) yields the following equations of motion for perturbation variables
v′′i +
(
k2 − q(2q − 1)
(1− q)2(τ − τ˜B−)2
)
vi = 0 , (76)
7 Note that the precise form of the mode functions actually includes an arbitrary phase, each of which is drawn from an independent
gaussian distribution. The result of this is that the cross term of φ and ψ vanishes vanishes when averaged over both distributions to
compute the power spectrum.
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One can solve for the general solutions to the above equations of motion as follows,
vci = Ci,1
√
τ − τ˜B−Jνc(k(τ − τ˜B−)) + Ci,2
√
τ − τ˜B−Yνc(k(τ − τ˜B−)) , i = ζ, ψ (77)
where νc =
(1−3q)
2(1−q) and the subscript “c" denotes the Ekpyrotic contracting phase. In addition, Jvc and Yvc are the
two linearly independent Bessel functions with indices νc. The coefficients Ci,1 and Ci,2 are functions of comoving
wave number k, and are determined by matching the perturbations at the surface of tE , as we will address in Section
V. For the moment we keep the coefficients general.
Recall that the expression of curvature perturbation ζ is given by Eq. (50). When the universe evolves into the
Ekpyrotic phase, the trajectory of the background evolution becomes dominated by the bounce field and thus the
curvature perturbation is mainly contributed by Qφ, or equivalently vφ. Since the matter field ψ no longer dominates
over in the background evolution, its field fluctuation Qψ plays the role of entropy perturbation.
D. Perturbations through the bounce
When the bounce field φ evolves into the range of the ghost condensation, the kinetic term in its Lagrangian is no
longer approximately canonical. This triggers a violation of the Null Energy Condition. This causes the universe to
exit from the Ekpyrotic phase at some moment tB− and to enter the bounce phase. In this period the bounce field
yields a negative contribution to the energy density which will eventually cancel all the other positive contributions,
including that of the matter field ψ, at a time we denote by tB . We normalize the time axis of the background
evolution such that tB = 0. At this moment, the Hubble parameter transits from negative to positive values, crossing
H = 0. As a result, a non-singular bounce takes place.
During the bounce phase, it is a good approximation to model the evolution of the Hubble parameter near the
bounce as a linear function of cosmic time:
H(t) = Υt , (78)
where Υ is a constant. Such a parametrization is applicable to a wide class of fast bounce models, and the value of
Υ depends on the detailed microphysics of the bounce as shown in (35). In addition, the evolution of φ˙ during the
bounce is given by (36). Making use of the parameterizations for φ˙ and the Hubble parameter H, we can keep the
dominant terms of the quadratic action which then simplifies to
S2 =
∫
dτdk3
1
2
[
v′2ζ −
(
c2ζk
2 − z
′′
z
)
v2ζ + v
′2
ψ −
(
c2ψk
2 + a2m2 − a
′′
a
)
v2ψ
]
, (79)
where we discuss the role of each term below.
First, we study the gradient terms of the two perturbation modes. The stability of the gradient terms is characterized
by the sound speed square parameters, c2ψ and c
2
ζ , which are defined in (B11). In our explicit model, the matter field
ψ takes canonical form and thus simply leads to c2ψ = 1. Moreover, if we make use of the parameter choice (45) used
in the numerical estimates in the previous section and insert the value of φ˙2B from (38) as well as the parametrization
of the Hubble rate (35) into the definition of c2ζ , then it takes the following approximate form:
c2ζ '
1
3
− 2
3
√
1 + 12βV0M4p (g0−1)2
, (80)
in the bounce phase. If we make use of the parameter choice (45), we immediately get c2ζ ' −1/3 which implies that
the perturbation ζ suffers from an gradient instability during the bounce. However, as the duration of the bounce is
extremely short, such a exponential growth does not spoil the perturbative control of the analyses 8.
We have also introduced two quantities to characterize the effective squeezing rates of the perturbation variables
a′′
a
' a2B(Υ + 2Υ2t2) ,
z′′
z
' a2B
[
Υ +
2
T 2
+
(
2Υ2 +
6Υ
T 2
+
4
T 4
)
t2
]
. (81)
8 It does in the bouncing model discussed in [21] in which possess a long bounce phase.
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The coefficient T is approximately one quarter of the duration of the bounce phase, and was initially introduced in
Eq. (36) to better understand the dynamics of φ˙ during the bounce. In the limit of a slow bounce, one finds that both
squeezing rates are equal which implies that there is no differential growth of the curvature fluctuations relative to the
entropy mode across the bounce. In contrast, if we consider a fast bounce model, the gravitational terms a′′/a and
z′′/z differ and lead to enhanced growth of vζ relative to vψ. However, the overall growth during the bounce phase
is bounded from above since the duration of a fast bounce cannot be smaller than the Planck time if the effective
field theory description is to be self-consistent. The bottom line is that given the validity of the effective field theory
analysis we can obtain a controllable amplification effect of cosmological perturbations when they evolve through the
bounce phase.
The equations of motion for cosmological perturbations during the bounce phase are given by,
v′′ψ +
(
a2m2 + k2 − a
′′
a
)
vψ = 0 , v
′′
ζ +
(
c2ζk
2 − z
′′
z
)
vζ = 0 . (82)
The general solutions to these equations of motion are given by
vbψ(k, τ) = Dψ,1(k)e
− ∫
B− ωψdτ +Dψ,2(k)e
∫
B− ωψdτ , (83)
vbζ(k, τ) = Dζ,1(k)e
− ∫
B− ωζdτ +Dζ,2(k)e
∫
B− ωζdτ , (84)
with the frequencies ωψ and ωζ being
ω2ψ ' −k2 − a2Bm2 + a2B(Υ + 2Υ2t2) , (85)
ω2ζ ' −c2ζk2 + a2B
[
Υ +
2
T 2
+
(
2Υ2 +
6Υ
T 2
+
4
T 4
)
t2
]
, (86)
respectively. The subscript “b" indicates that we are discussing the solutions in the bounce phase.
Note that we are mainly interested in the infrared modes of cosmological perturbations which are expected to be
responsible for the large scale structure of the universe at late times. Therefore, we neglect the k2 terms in the
expression for the frequencies and then easily find that vψ and vζ are amplified during the bounce phase. Specifically,
the amplification factor Fψ for the entropy perturbation vψ takes the form:
Fψ ≡ e
∫B+
B− ωψdτ ' exp
[
Υ
1
2 t+
1
3
Υ
3
2 t3
] ∣∣∣∣B+
B−
, (87)
where B+ and B− stand for the end and beginning of the bounce phase, respectively. A reasonable bounce model
requires Υ to be a very small quantity (which is equivalent to taking the ‘fast bounce’ limit), so that the amplitude
of perturbations is in agreement with observations. In this case, the amplification of the entropy mode is in general
very small. As a consequence, it is safe to approximately take Fψ ' 1.
On the other hand, the curvature perturbation experiences an exponential growth through the bounce phase, which
can be described by the amplification factor
Fζ ≡ e
∫B+
B− ωζdτ ' exp
[√
2 + ΥT 2
t
T
+
2 + 3ΥT 2 + Υ2T 4
3
√
2 + ΥT 2
t3
T 3
] ∣∣∣∣B+
B−
. (88)
This result is exactly the same as the growth factor obtained in the model of single field bounce [20], and thus shows
that the amplification effect brought by the effective tachyonic mass term during the bounce is generic. In the limit
of a fast bounce scenario, this amplification factor can be as large as of order O(105) as shown in [20]. This effect is
very important to non-singular bounce cosmologies since such a controllable growth suppresses the tensor-to-scalar
ratio, which was originally found to be too large in matter bounce models [33].
E. Perturbations in Fast Roll Expansion
After the bounce, the potential for φ tends to zero very rapidly. Since the energy density in φ dominates over the
density in ψ, this causes us to enter a phase of fast roll expansion, where the quadratic action is given by
S2 =
∫
dτ d3k
1
2
∑
i
[
v′i
2 − ( 1
4(τ − τ˜B+)2 + k
2)v2i
]
, (89)
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where the subscript “i” denotes ζ and ψ, respectively. This gives the equations of motion
v′′i + (k
2 +
1
4(τ − τ˜B+)2 )vi = 0 , (90)
which yield the solutions
vei = Ei,1(k)
√
τ − τ˜B+J0 (k(τ − τ˜B+)) + Ei,2(k)
√
τ − τ˜B+Y0 (k(τ − τ˜B+)) , (91)
with
a ∝ (τ − τ˜B+) 12 , τ˜B+ ≡ τB+ − 1
2HB+ . (92)
The subscript “e" indicates that we are discussing the solutions in the fast-roll expanding phase. The coefficients
Ei,1(k) and Ei,2(k) can be determined by matching the perturbations at the moment τB+. Modulo the square root
term, the first mode is constant on super-Hubble scales but the second is growing as a logarithmic function of conformal
time. As a consequence, one can see the second term Y0 finally dominates and form the power spectra of cosmological
perturbations at late times.
V. POWER SPECTRA OF COSMOLOGICAL PERTURBATIONS
Having solved equations of motion for cosmological perturbations phase by phase, now we are able to study how
the solutions can be transferred from initial states to the final ones. We leave the detailed matching processes to
Appendix C and here merely provide a rough description of the analysis.
Our first matching surface is chosen at the moment τE where the Ekpyrotic contraction starts and thus is defined
by ρψ = ρφ. The matching conditions simply require
vmζ,ψ(τE) = v
ζ,ψ
c (τE) and
d
dτ
vζ,ψm (τE) =
d
dτ
vζ,ψm (τE) . (93)
In the Ekpyrotic phase, the growing modes are characterized by the coefficients Cζ,2 and Cψ,2 as shown in (77), and
we focus on super-Hubble scales as it is the long wavelength fluctuations that we are interested in. As a consequence,
we can obtain the dominant modes of cosmological perturbations during the Ekpyrotic phase.
Similarly, we match the perturbation modes in the Ekpyrotic contracting phase with those in bounce phase at
the moment τB−. Then we can solve for the coefficients of the growing modes in the bounce phase which are
characterized by the coefficients Dζ,2 and Dψ,2, respectively. The last matching surface is chosen at the moment τB+
where primordial cosmological perturbations just pass through the bounce phase and enter the fast-roll expansion. In
this case, we are able to determine the forms of Eζ,2 and Eψ,2 which are the coefficients of the dominant modes after
the bounce.
Substituting the coefficients Eζ,2 and Eψ,2 back into the solutions (91), we can solve for the asymptotic solutions
of the cosmological perturbations in the final stage. On super Hubble scales, these become
veψ '
FψHE
2
γψe
−2m/HE
[
U
(0)
ψ
1√
6aEm
+ U
(k)
ψ
aEm
k3/2
]aB−
aB+
a(t) , (94)
veζ '
FζHE
2
γζ
[
U
(0)
ζ
1√
6aEm
+ U
(log)
ζ
Log( −2kaEHE )√
6aEm
+ U
(k)
ζ
aEm
k3/2
]aB−
aB+
a(t) , (95)
where we have defined,
γζ =
1
2(1− 3q)
[
1 +
(
1−
√
2
HB+T
(1 +
t2B+
T 2
)
)
ln
aB+
a(t)
]
, (96)
γψ =
1
2(1− 3q)
[
1 +
[
1−
√
Υ
HB+
(1 + Υt2B+)
]
ln
aB+
a(t)
]
. (97)
and the U ’s are dimensionless coefficient whose detailed form are given in Appendix C.
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Figure 4: Evolution of the power spectrum of curvature perturbation Pζ at super-Hubble scale (with a fixed comoving wave
number k = 10−20) as a function of cosmic time. The background parameters are the same as in Fig. 1, and the initial condition
for the perturbation is chosen as vacuum fluctuation.
As a result, we can easily calculate the primordial power spectra of curvature perturbations in the fast roll phase.
Up to leading order in k, the result is scale invariant,
Pζ(k) ' k
3
2pi2
∣∣∣veζ
a
∣∣∣2 ' F2ζH2Ea2E
8pi2
γ2ζ
a2B−
a2B+
(m|U (k)ζ |)2
[
1 +O(k3/2)
]
. (98)
From the above expression, we can see that the curvature perturbation is dominated by a scale invariant component
while there are other terms which can lead to a scale dependence at small length scales. In our model the maximal
value of HE is of the order of the mass parameterm, and thus for the perturbation modes which exit the Hubble radius
during matter contracting phase the primordial power spectrum is nearly scale-invariant. However, if we consider the
perturbation modes on small length scales, the spectrum becomes blue which may lead to interesting observational
signals for experiments. The absence of a red tilt on large scales indicates that the mechanism for a bounce studied
here is not the full story, and other ingredients are necessary to have a complete description of cosmology. We discuss
this issue in more detail in the discussion.
To provide a check of our analytic calculation of the power spectrum of curvature perturbations, we numerically track
its amplitude on super-Hubble scales through the bounce. From the analytical calculation, we expect the amplitude
of curvature perturbation to be conserved before the bounce and to undergo an amplification during the bouncing
phase. Specifically, we take the same model parameters as in the background numerics introduced in Section III, and
numerically compute the curvature perturbation for a fixed comoving wave number. We show the result in Fig. 4,
in which one can see that the amplitude of curvature perturbations is nearly constant during the contracting phases.
During the bounce, the curvature perturbation obtains a dramatic amplification of order O(1010), corresponding to
an amplification factor Fζ of order O(105), in exact agreement with the analytical analysis performed in previous
subsections.
The power spectrum of the entropy modes, which is carried (except in the initial matter phase of contraction) by
the matter field ψ, is also scale-invariant on large scales. It inherits this spectrum from the φ mode during the matter
phase of contraction. However, the amplitude of the entropy mode is negligible in the case of a fast bounce, as the
adiabatic mode undergoes a much larger amplification during the bounce.
Thus, this result shows that the universe after the bounce is isotropic and homogeneous and has a nearly scale-
invariant spectrum which is almost purely adiabatic. In this sense, our model provides a alternative to inflationary
cosmology for explaining the observed spectrum of cosmological perturbations.
We expect the perturbation modes forming the above power spectrum of curvature perturbations will eventually be
responsible for the CMB anisotropies. It is therefore interesting to check that the modes relevant to the CMB will exit
the Hubble radius during the matter contraction phase. Requiring that the modes do exit the Hubble radius imposes
a condition on the bounce. We now perform an estimate of this condition. First, we can write down the wavelengths
of the modes exiting the Hubble radius at the beginning and the end of the Ekpyrotic phase associated with today’s
18
wavelength λ0 as follows,
λ(tE) =
a(tE)
a(t0)
λ0 ' a(tE)
a(tB−)
a(tB+)
a(tF )
a(tF )
a(t0)
λ0 , (99)
λ(tB−) =
a(tB−)
a(t0)
λ0 ' a(tB+)
a(tF )
a(tF )
a(t0)
λ0 , (100)
respectively, where tF denotes the end of the Fast-roll expansion with ρψ(tF ) = ρφ(tF ). Recall that the background
energy density scales as ρ ∼ a−3(1+w), which depends on the background equation of state w. Making use of this
relation, we derive:
λE '
(
ρB−
ρE
) 2
q
(
ρF
ρB+
) 1
6
(
ρ0
ρF
) 1
3
λ0 , (101)
λB− '
(
ρF
ρB+
) 1
6
(
ρ0
ρF
) 1
3
λ0 . (102)
Since the wavelength of today’s observable mode scales as λ0 ∼ teq with teq being the moment of equality, we require
the wavelength of the mode exiting the Hubble radius during the beginning of the Ekpyrotic phase to satisfy
λE ≥ |tE | , (103)
so that the observable modes were generated during matter contraction.
Specifically, we take the density of the universe at present to be ρ0 ∼ (10−12GeV)4, while at the end of the Fast-roll
it is ρF ∼ (103GeV)4, and around the bounce ρB . (1015GeV)4. From this, we get λE & 10−28λ0, which has to be
larger than |tE |. This requires |tE |teq . 10−28. Recall that ρm ∼ a−3 ∼ t−2 during matter contraction, which yields
ρm(tE)
ρm(teq)
'
(
teq
tE
)2
& 1056 , (104)
in the specific case considered above. By inserting the value of the density at matter-radiation equality ρm(teq) ∼
(10−9GeV)4, one can obtain the lower bound on the density of the universe at the end of Ekpyrotic phase,
ρm(tE) & (105GeV)4 . (105)
This condition needs to be satisfied in order for the modes exiting the Hubble radius during matter contraction to
be responsible for the CMB anisotropies. Note that if we consider a bounce at lower energy scales then the above
condition to be satisfied for a large portion of parameter space .
VI. TENSOR PERTURBATION
Similar to scalar modes, tensor perturbations are generated from vacuum fluctuations on sub-Hubble scales in the
matter-dominated contracting phase. As the universe contracts, the tensor modes exit the Hubble radius. As is well
known, the equation of motion for the tensor fluctuations is the same as that of a massless scalar field. Hence, vacuum
initial conditions lead to the same amplitude of the tensor modes and the curvature fluctuations on sub-Hubble scales.
Once on super-Hubble scales, the tensor modes are squeezed. During the phases of Ekpyrotic contraction, bounce
and fast-roll expansion the equation of motion for the tensor modes is the same as that for the entropy mode (in the
absence of mass for the latter). In particular, the squeezing factor of the modes is a′′/a. As we showed above, the
amplitude of the entropy mode at the beginning of the Ekpyrotic phase is of the same order as that of the curvature
modes, which in turn is the same order as that of the tensor modes. After the beginning of the Ekpyrotic phase
the tensor and entropy modes evolve the same way. Therefore, it is easy to derive the power spectrum of primordial
tensor modes. Making use of the expression (C12), one obtains the following expression for the power spectrum of
primordial tensor perturbations:
PT ≡ k
3
2pi2
|uh
a
|2 ' F
2
ψγ
2
ψH
2
E
64pi2M2p (2q − 3)2
a2B−
a2B+
. (106)
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One can see the power spectrum of primordial tensor modes in our model is scale-invariant. This spectrum is inherited
from the power spectrum of primordial curvature perturbations on large scales. The evolution and the amplification
during the bounce phase, however, follow the behavior of entropy perturbations.
One can define a tensor-to-scalar ratio,
rT ≡ PT
Pζ
' F
2
ψγ
2
ψ
F2ζ γ2ζ
. (107)
This ratio is given by the ratio of amplification factors of curvature and entropy modes during the bounce phase.
Thus, this ratio can be greatly suppressed by a large value of the factor Fζ . Considering the group of canonical values
for model parameters as given in the previous section discussing the background analysis, we find that this ratio can
be as low as of order O(10−8).
VII. CONCLUSION AND DISCUSSION
We have studied the evolution of the background and of the linear cosmological fluctuations in a two field matter
bounce model in which one field (ψ) represents the regular matter which has a time-averaged equation of state p = 0,
and the second field (φ) is responsible for both an Ekpyrotic phase of contraction which follows the initial matter-
dominated period, and which yields a non-singular bounce. As a consequence of the Ekpyrotic phase of contraction,
there is no BKL instability in this model 9. Thus, as long as the initial conditions are chosen such that the Ekpyrotic
period of contraction begins before the anisotropies dominate, the background will evolve towards a homogeneous and
isotropic state.
Since there are two matter fields present, it is important to study not only the adiabatic fluctuations (as was done
in [20]), but also the entropy mode. We have shown that in the matter phase of contraction the adiabatic mode
(which is seeded by the massive field ψ) starts out with a deep blue spectrum, and it is only the entropy mode (which
is seeded by the effectively massless field φ) which acquires a scale-invariant spectrum via squeezing on super-Hubble
scales during the phase of matter contraction. However, the entropy mode continuously seeds a contribution to the
curvature fluctuation. This contribution is scale-invariant, and we have shown that its amplitude at the end of the
matter phase of contraction is of the same order of magnitude as the initial entropy fluctuation. Once the Ekpyrotic
phase of contraction begins, the roles of the adiabatic and entropy modes change: it is now the dominant field φ which
determines the adiabatic mode, and ψ becomes the entropy mode. Since the fluctuations in φ have a scale-invariant
spectrum, the curvature perturbations inherit a scale-invariant spectrum at the beginning of the Ekpyrotic phase,
whereas the fluctuations associated with ψ which have developed a scale-invariant form (due to the seeding mentioned
above) become the entropy mode.
We followed the evolution of both the adiabatic and the entropy modes from the beginning of the Ekpyrotic phase
of contraction through the non-singular bounce phase and into the following fast-roll phase of expansion. Both modes
preserve their scale-invariant spectrum. The curvature fluctuations are amplified during the bounce phase, but for
a fast bounce the amplification of the entropy mode is negligible. Hence, the entropic contribution to the late time
fluctuations is suppressed. It is, in fact, suppressed by the same factor as the tensor perturbations to the scalar ones,
since the tensor modes have the same squeezing factor as the entropy field.
One serious shortcoming of the model under consideration is the lack of a prediction for the spectral tilt of pertur-
bations in agreement with CMB observations, which require a red tilt. At best, this model is capable of producing
a scale invariant spectrum for the CMB, however scale invariance has been ruled out by Planck at the 5σ level [42].
Given this, we emphasize that the focus of our work is the study of perturbations through a non-singular bounce,
and hence we are primarily concerned with the evolution inside of the ‘black-box’ that separates the contracting and
expanding branches of the cosmological evolution. The tilt is due to the choice of contracting branch, and in this
study we have chosen matter contraction as our toy model, purely for the sake of simplicity.
However, there do exist mechanisms which could induce a red tilted spectrum in this model. The simplest possibility
is to generate the red tilt via a tachyonic coupling to a curvaton field. The effect of curvatons in a matter bounce
was originally investigated in Ref. [24], where one can quickly see that a tachyonic coupling g2 < 0 will cause the
the spectral index in eq. (23) of [24] to be red, without generating any instability. Another mechanism is to change
the matter field to a fluid with slightly negative pressure, as was mentioned in [43]. We plan to investigate these
mechanisms in future work.
9 The BKL instability to the growth of anisotropies is a problem which afflicts most bouncing cosmological models.
20
Finally, we would like to comment on the reheating process. In this specific model under consideration, we assume
the two fields are only coupled through gravitational interactions. Therefore it is straightforward to track the evolution
of both the background and perturbation modes. In a more generic case, the universe described by our model can
be reheated by several different methods, e.g. the usual treatment of reheating in the fast roll phase, perturbative
decay of the bounce field in Ekpyrotic phase, and gravitational particle production during a phase transition such as
the bouncing phase [44]. Another mechanism of reheating the universe it to introduce a kinetic coupling such as was
done for the defrosting process in an emergent galileon cosmology [45]. This aspect, as well as the comparison with
the CMB data, provides us with quite a few interesting topics which we will explore in future work.
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Appendix A: Cosmological perturbations in a double field model of canonical form
In this Appendix we shall review the equations of motion for the coupled curvature and entropy modes in a model
with two canonical scalar fields. Particular focus is on the curvature modes induced by an initial mode. We will apply
this theory to the matter-dominated phase of contraction during which both of the scalar fields in our model have
kinetic terms in the action which are approximately canonical. Note that the matter fields φi considered below have
mass dimension one, and hence to apply these formulas our Galileon field φ must be multiplied by Mp.
We shall work in longitudinal gauge in which the linearized scalar metric fluctuations appear in the metric in the
following way (see e.g. [25, 26]):
ds2 = (1 + 2Φ)dt2 − a2(t)(1− 2Ψ)d~x2 , (A1)
where t is cosmic time and xi are the comoving spatial coordinates. The scalar metric fluctuations are characterized
by two functions Φ and Ψ which depend both on space and time. We take matter to consist of a set of scalar fields
φi, which in our explicit model are the bounce field φ and the matter field ψ. If the gravitational action is the usual
one, then the matter sector does not admit linearized anisotropic stress the off-diagonal components of the perturbed
Einstein equations imply Ψ = Φ. By expanding the Einstein and matter equations to first order, we obtain the
following perturbation equations:
δφ¨i + 3Hδφ˙i + [−∇
2
a2
δφi +
∑
j
V,ijδφj ] = 4φ˙iΦ˙− 2V,iΦ , (A2)
−3HΦ˙ + (∇
2
a2
− 3H2)Φ = 4piG
∑
i
[φ˙iδφ˙i − φ˙2iΦ + V,iδφi] , (A3)
Φ˙ +HΦ = 4piG
∑
i
φ˙iδφi , (A4)
where V,i denotes the derivative of the scalar field potential with respect to φi.
We can recast the above equations in terms of the Sasaki-Mukhanov variables [29, 30] which are defined as
Qi ≡ δφi + φ˙i
H
Φ , (A5)
and in terms of which the equations of motion are given by [10, 36, 37]
Q¨i + 3HQ˙i − ∇
2
a2
Qi +
∑
j
[V,ij − 1
a3M2p
d
dt
(
a3
H
φ˙iφ˙j)]Qj = 0 . (A6)
To combine the above equations, one can define the quantity ζ which is the curvature perturbation on the uniform
density slice,
ζ = H
∑
i φ˙iQi∑
j φ˙
2
j
. (A7)
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This quantity is conserved on super-Hubble scales in an expanding universe if there are only adiabatic fluctuations
[38, 39]. However, the presence of entropy fluctuations on large scales will lead to a growth of ζ which corresponds to
the seeding of an adiabatic fluctuation mode by the entropy mode.
At linear order, the equation for the time derivative of ζ in the case of two matter fields φ and ψ (both with mass
dimension one) is given by [36, 37]
ζ˙ = −H
H˙
∇2
a2
Φ− H
2
(δφ
φ˙
− δψ
ψ˙
) d
dt
( φ˙2 − ψ˙2
φ˙2 + ψ˙2
)
. (A8)
On large scales, the first term of the r.h.s of Eq. (A8) is negligible. The second term describes the transfer of entropy
to adiabatic fluctuations, the term we are interested in.
Appendix B: General second order action for cosmological perturbations in uniform φ gauge
It is useful to study perturbation theory by making use of the ADM metric. Particularly, we focus on the part of
the action involving the scalar metric perturbation ζ and the matter field fluctuations δφ and δψ. It is well known
that one scalar degree of freedom can be fixed by a gauge choice. We choose the following uniform field gauge:
δφ = 0 , hij = a
2e2ζδij . (B1)
After a lengthy calculation, the Lagrangian (1) expanded to quadratic order in the fluctuations becomes
S2 =
∫
dtdx3a(t)3
[
(2M2p ζ˙ − 2M2pHα+ φ˙3G,Xα+ ψ˙P,Y δψ)
∂2i σ
M2pa
2
− 3M2p ζ˙2 − 2M2pα
∂2i ζ
a2
+ 6M2pHαζ˙ − 3φ˙3G,Xαζ˙
+M2p
(∂iζ)
2
a2
− 3M2pH2α2 +
φ˙2
2
K,Xα
2
+
φ˙4
2
K,XXα
2 + 6Hφ˙3G,Xα
2 +
3
2
Hφ˙5G,XXα
2
− φ˙2(G,φ + φ˙
2
2
G,Xφ)α
2 + 3ζ(δψP,ψ + ψ˙P,Y ˙δψ)
+
ψ˙2
2
P,Y α
2 +
ψ˙4
2
P,Y Y α
2
+ α
(
δψ(P,ψ − ψ˙2P,Y ψ)− ˙δψψ˙(P,Y + ψ˙2P,Y Y )
) ]
, (B2)
where α and ∂iσ are the lapse function and shift vector, respectively. Varying the quadratic action (B2) with respect
to α and σ yields
α =
2M2p ζ˙ + ψ˙P,Y δψ
2M2pH − φ˙3G,X
, (B3)
as well as the expression for σ.
Substituting α and σ back into the action, we then obtain a much simplified form
S2 =
∫
dtdx3
{
a
2
z2
[
ζ˙2 − cζ
2
a2
(∂iζ)
2
]
+
a
2
y2
[
˙δψ
2 − cψ
2
a2
(∂iδψ)
2 +
2
ay2
M2δψδψ
2
]
+C1δψζ + C2δψζ˙ + C3δψ˙ζ˙ + C4∂
iδψ∂iζ
}
, (B4)
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where C1,2,3,4 are the coefficients in front of the interaction terms
C1 = 3a
3ψ˙2
(
ψ¨P,Y Y − P,Y ψ
)
, (B5)
C2 =
2M2pa
3
(2M2pH − φ˙3G,X)2
(
12φ˙3ψ˙HG,XP,Y − 6M2p ψ˙H2P,Y + φ˙2ψ˙K,XP,Y
+ ψ˙3P,Y
2 + 3φ˙5ψ˙HG,XXP,Y + φ˙
4ψ˙K,XXP,Y + ψ˙
5P,Y P,Y Y
− 2φ˙2ψ˙G,φP,Y + 2M2pHP,ψ − φ˙3G,XP,ψ − φ˙4ψ˙G,XφP,Y
− 2M2p ψ˙HP,Y ψ + φ˙3ψ˙2G,XP,Y ψ
)
, (B6)
C3 = −
2M2pa
3ψ˙
2M2pH − φ˙3G,X
(
P,Y + ψ˙2P,Y Y
)
, (B7)
C4 =
2M2paψ˙P,Y
2M2pH − φ˙3G,X
. (B8)
The parameters z2 and y2 are defined as the coefficients of φ˙2 and ψ˙2 respectively, and are given by
z2 =
4M4pa
2
(2M2pH − φ˙3G,X)2
(
6Hφ˙2G,X +
3
2M2p
φ˙2G,X + φ˙
2K,X + φ˙
4K,XX
+ ψ˙2P,Y + ψ˙
4P,Y Y + 3Hφ˙
5G,XX − 2φ˙2G,φ − φ˙4G,φX
)
(B9)
y2 = a2
(
P,Y + ψ˙
2P,Y Y
)
. (B10)
The sound speeds of ζ and ψ are denoted cψ,ζ , and are given by
cψ
2 =
P,Y
P,Y + ψ˙2P,Y Y
, (B11)
cζ
2 =
2a2
z2
[
M2p −
3M4pH
2M2pH − φ˙3G,X
− 3M
4
p (3φ˙
2φ¨G,X + φ˙
4G,φX + φ˙
4φ¨G,XX − 2M2H˙)
(2M2pH − φ˙3G,X)2
]
. (B12)
One can define canonical variables for perturbation modes ζ and ψ as follows,
vζ ≡ zζ , vψ ≡ yδψ , (B13)
and then the time derivative terms in the quadratic action become of canonical form in conformal coordinates.
Appendix C: Matching Coefficients
The matching conditions for cosmological perturbations were discussed in [40, 41]. The idea was to match two
solutions of General Relavitity across some space-like matching surface which is endowed with the localized stress-
energy to enable the transition between the two space-times. The matching conditions state that the induced metric
on the matching surface must be the same when calculated from either side, and that the extrinsic curvature jumps
by an amount given by the localized stress-energy on the surface.
In our case, the background is continuous across the various matching surfaces (this would not have been the case
had we cut out the bouncing phase and tried to match directly between the contracting Ekpyrotic phase and the
expanding fast-roll period). Hence, there is no jump in the extrinsic curvature across the matching surface. Matter
fields must also evolve continuously across the bounce. Hence, the matching conditions are
v1ζ (τm) = v
2
ζ (τm) and
d
dτ
v1ζ (τm) =
d
dτ
v2ζ (τm) , (C1)
at each matching time τm, where the superscripts 1 and 2 indicate the values of the variables computed in the phases
after and before the matching surface, respectively, and
v1ψ(τm) = v
2
ψ(τm) and
d
dτ
v1ψ(τm) =
d
dτ
v2ψ(τm) . (C2)
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We first match the cosmological perturbation vζ and vψ at the beginning moment of the Ekpyrotic phase τE . The
matching conditions allow us to determine the dominant coefficients Ci,2 in the Ekpyrotic phase, with the result
Ci,2 ' pi
√
τE − ˜τB−
2vcΓvc
(k(τE − τ˜B−)
2
)vc[ d
dt
vmi − vmi
1 + 2vc
2(τE − τ˜B−)
]
. (C3)
The coefficients Di,1 and Di,2 for the solutions in the bounce phase are also derived by matching vζ and vψ at the
end moment of Ekpyrotic phase τB−. Picking out the dominant terms yields
Dζ,2 ' −Cζ,2Γνce
∫ τB+
τB
wζdτ
22−νcpiωζkνc(τB− − τ˜B−) 12+νc
[
1− 2νc + 2ωζ(τB− − τ˜B−)
]
, (C4)
Dψ,2 ' −Cψ,2Γνce
∫ τB+
τB
wψdτ
22−νcpiωψkνc(τB− − τ˜B−) 12+νc
[
1− 2νc + 2ωψ(τB− − τ˜B−)
]
. (C5)
After the bounce, we match the cosmological perturbations at the moment τB+ and then determine the coefficients
Eζ,i and Eψ,i. Both are important so we write them all,
E1,i = −Di,2 e
∫ τB+
τB
widτ
2
√
τB+ − τ˜B+
[
− 2 + (2(τB+ − τ˜B+)wi − 1)(ln[k(τB+ − τ˜B+)
2
]
+ γE
)]
, (C6)
E2,i = Di,2
pie
∫ τB+
τB
widτ
4
√
τB+ − τ˜B+
[
1− 2(τB+ − τ˜B+)
]
. (C7)
By making use of these coefficients, we can extract the dominant mode of cosmological perturbations in the fast-roll
expanding phase, namely
veψ '
FψHE
2
γψe
−2m/HE
[
U
(0)
ψ
1√
6aEm
+ U
(k)
ψ
aEm
k3/2
]aB−
aB+
a(t) , (C8)
veζ '
FζHE
2
γζ
[
U
(0)
ζ
1√
6aEm
+ U
(log)
ζ
Log( −2kaEHE )√
6aEm
+ U
(k)
ζ
aEm
k3/2
]aB−
aB+
a(t) , (C9)
with
U
(k)
ζ = −(25 + 49q)i
HE
24m
− 27
24
q, U
(log)
ζ =
√
2
m
HE
(
1− 5
2
q
)
U
(0)
ζ =
√
2
(
1− 3
2
q − 27
8
iq +
9HE
8m
(1− q) + m
3HE
(
1− q − 9iq))
U
(k)
ψ = −
3
8
(√
3(1− q)HE
m
− 3q
)
, U
(0)
ψ = 1 +
9
2
HE
m
− (3
2
− 27
8
i
)
q − 9
8
HE
m
q − 3i mq
HE
.
We have also defined the constants γζ and γψ as the coefficients who comes from the asymptotic form of the Bessel
function Y0 on large length scales,
γζ =
1
2(1− 3q)
[
1 +
(
1−
√
2
HB+T
(1 +
t2B+
T 2
)
)
ln
aB+
a(t)
]
, (C10)
γψ =
1
2(1− 3q)
[
1 +
[
1−
√
Υ
HB+
(1 + Υt2B+)
]
ln
aB+
a(t)
]
. (C11)
Similarly, one can track the evolution of primordial tensor modes and determine the matching relations. Comparing
with the evolution of entropy perturbation, the tensor fluctuations differ only in the mass term and the choice of initial
conditions which only affects the evolution before the Ekpyrotic phase. During and after the phase of Ekpyrotic
contraction, the evolution of entropy perturbations and tensor fluctuations are described by the same equation of
motion. Working at the level of homogeneous solutions, the tensor fluctuations will have the same amplitude as vφ
at the end of the matter contraction phase (both come from a massless field that has the same vacuum amplitude).
Hence we conclude that the final amplitude of the tensor modes will be of the form,
ueh(k, τ) ' −
iFψγψHE
4aE
√
2k3(2q − 3)
aB−
aB+
a(τ) , (C12)
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in the fast-roll expanding phase.
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